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r-ENTROPY, EQUIPARTITION, AND ORNSTEIN'S 
ISOMORPHISM THEOREM IN R" 

BY 

JACOB FELDMAN 

ABSTRACT 

A new approach is given to the entropy of a probability-preserving group action 
(in the context of Z and of R"), by defining an approximate "r-entropy",  
0 < r < I, and letting r ~ 0. If the usua] entropy may be described as the growth 
rate of the number of essential names, then the r-entropy is the growth rate of 
the number of essential "groups of names" of width =< r, in an appropriate sense. 
The approach is especially useful for actions of continuous groups. We apply 
these techniques to state and prove a "second order" equipartition theorem for 
Z m × R" and to give a "natural"  proof of Ornstein's isomorphism theorem for 
Bernoulli actions of Z m x R ", as well as a characterization of such actions which 
seems to be the appropriate generalization of "finitely determined". 

I. Introduction 

This work arose in an attempt to answer several vague questions. 

(A) The entropy of an ergodic, probability-preserving flow ~b is defined by the 

formula h0(4~)= ho(tkl), that is, the entropy of its time 1 transformation. Thus, 

the connection of entropy with the information in a continuous orbit is not 

apparent. Is there any definition which exhibits this? 

(B) In a similar vein, is there a good analog for flows of the Equipartition 

Theorem of Shannon and Macmillan? 

(C) Is there a proof of Ornstein's Isomorphism Theorem for Bernoulli flows 

which doesn't use the theorem for transformations, but works directly with 
flows? 

Answers presumably would open the possibility of generalizing much of the 

ergodic theory now known (for transformation, flows, and actions of discrete 

groups) to actions of continuous groups. 

It turns out that these questions have what may be regarded as satisfactory 

affirmative answers. In the present paper these answers are given, in the context 
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of R n. In future papers it will be shown how the techniques developed here may 

be extended to give similar results for a large class of (locally compact) groups. In 

view of recent work of Ornstein and Weiss [7], the proper setting is probably 

unimodular amenable groups. 

Descriptions of earlier stages of this work were given in [1] and [2]. The author 

is grateful to those who suffered through various preliminary versions during the 
past year. Special thanks are due to D. Ornstein who, in addition to general 

discussion and encouragement, made two specific important contributions: 

Proposition 2.3, and also the present version of the definition of "semifinitely 

determined", which replaced my somewhat less natural version; and to my 

students M. Gerber and J. Stroik, who read the manuscript critically and 

suggested numerous improvements. 

The author also wishes to acknowledge with thanks the support of the Miller 

Institute for Basic Research in Science, and of the National Science Foundation 

(Grant #MCS 75-05576. A01). 

2. r-entropy and r-equipartition in Z 

Let T be an ergodic m.p.t, on (X,/~), and ~ a partition (all partitions will be 

measurable and finite). The usual definition of the entropy of the process (T, ~ )  

is given as 

h.(T, ~ )  = lira sup ~ H T -j , 
N ~  j 1 

where H(.~) is defined for any family .9. of disjoint measurable sets by 

H(.~ ) = - Eo~a/z (Q) log/x (Q). 
Now choose some r > 0, and consider a collection ~ of disjoint Vj~IN T-i~- 

measurable sets each having diameter_- < r with respect to the normalized 

Hamming metric on the ~-N-names of points: that is, 

x, y E B E ~ ::), d~(z, y) = 1 I{J : 1 < j  _-< N and ~(TJx )~  ~(T~y)}I < r. 

Such a family we call a (~,N, r) family. Suppose also we ask that # ( U ~ ) >  

1 -  e, for small e. How small can (1 /N)H(~)  get? 

(It should be noted that if instead of H(~I) we took H ( ~  U { X -  U ~ ), or 

calculated H ( ~ )  with respect to conditional measure on U ~ ,  the difference 

would go to zero with e, so there would be no effect on what follows.) 

2.1. DEFINITION. We define h,(T, ~),  the "r-entropy," as the infimum of 
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numbers b such that for every e > 0, 3No such that if N > No there exists a 
(~, N, r) family ~ with /z ( U  ~ )  > 1 - e and (1/N)H(~) <= b: or, more suc- 

cinctly, 

h,(T, ~ )  = sup lira inf : ~ a (~, N, r) family with # ( N )  > 1 - e . 

Clearly, h, ( T, ~ ) <-_ ho( T, ~ ). 
Alternately, taking a hint from the Equipartition Theorem, we make another 

definition. 

2.2. DEFINrnoN. For r > 0  define k,(T,~),  the "r-count ,"  as the same 

supremum, but with log l!~l instead of H ( N ) .  From Macmillan's theorem, 
k,(T, ~)<= ho(T, ~), and also clearly h,(T, ~)<= L(T, ~). Furthermore, the 

number of atoms of V ~  T- i~  in a single B ~ N is dominated by ([~)l ~ I ~'~, by 

counting the ways of distributing the disagreements. Here  (~) is a binomial 

coefficient, and [. ] means "greatest integer _-<." 

LEMMA. lim,~oh,(T,~) = lim,__,ok,(T,~)= ho(T,~). 

PROOF. If ~ is a (~,  N, r) family, then each B E ~ contains no more than 

([,~l)l ~ I t~'J different atoms. Suppose U ~  has measure > 1 -  e/2. For large N, 

Macmillan's theorem gives a V~=~ T-J~-measurable set E of measure > 1 -  e/2 

so that all atoms in E have measure < 2 -(h(r'~')-~r2m. Consider the (~, N, r) family 
c¢ = { B  A E  : B  ~ ~}.  Then 

= - ( l o g  n n E )  
B 

= H ( ~  ) - ~a (log/~ (B n E ) ] / z  (B)  + ~ (log/z (B n E))/z (B n ( x  ~ E)). 
/z(B) / 

The total measure of those B whose intersection with E is of proportion 1 - X/~ 

must be of measure < X/~. So 

H(C~) < H(~ ) _ ( logo  - X/~))(1 - X/J) + 
N = N 1 l °g l~ Ie "  [] 

Some further properties of these functions, easy to check, are: 

(a) h,(T, ~ )  = k,(T, ~ )  = 0 if r _-> 1, 

(b) h,(T, ~)  and k,(T, ~) are monotone nonincreasing functions of r, 

(c) if ~ refines .~ then h,(T, ~ )>  h,(T,~), and for any fixed r < 1 we have 

sup~. h, (T, ~ )  = ho(T), and similarly for k, (T, ~) .  This involves a little argument, 

but since we won't  use this result, we won't  make that argument here. 
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It is important to note that, unlike ho(T, ~) ,  we do not have 

h, T, V T-J~ = h , ( T , ~ )  or k, T, V T -j = k , ( T , ~ ) .  
i=1 i=1 

2.3. PROPOSITION. (D. Ornstein) k,(  T, ~ ) is convex (and hence: continuous, 

and strictly monotonic) until it hits O. 

PROOF. Choose a (~, N, r) family M covering X up to 8, and a (~, N, s) 

family ~ covering X up to 8. Let M = 2 L N ,  where N is large. Let ,~/= 

M U{X - UM}, ~ = ~ O{X - U ~ } .  Then choose L so large that, except for 

a set S of measure < 8, the number of the first L blocks of ~ names of length N 
which fall in X ~ U M is less than a fraction 28 of those blocks, and similarly for 

the second L blocks of length N which fall in X -  U ~ .  Then if we define a 

family of sets cd be selecting some member of s~ for each of the first L blocks of 

length N and some number of 9~ for each of the second L blocks of length N, 

but excluding the set S, then ~ is a (~, M, (r + s)/2 + 28) family, and 

M = 2  + " 

It follows that 

1 
lim k (,+,)~+,(T, ~)=<2 (k, (T, ~ ) +  k,(T,  ~)) .  
8 ~ 0  

From this one easily sees that k, (T, ~ )  is a convex function. [] 

We wish to prove an "equipartition theorem" for r-entropy: first a weaker 

form, which will then be improved. 

2.4. PROPOSITION. Let T be ergodic on (X, i~ ). Let ~ be a partition, and r > O. 

Then for any e > 0 there exist No and 8 > 0 such that if N > No and ~ is a 

( ~, N, r) family of measure > 1 - 8 satisfying log [ ~ I / N < k, ( T, ~ ) + 8, then the 

B in ~ such that 

k,(T, ~ ) -  e < - l°g~,v(B) < k,(T,  ~ ) +  e 

have total measure >= 1 - e. 

REMARK. In view of the usual equipartition theorem, the conclusion may be 

rephrased "those B E ~  which contain between 2 Nchotr'*)-k,tr'*~-~ and 

2 NCh°¢r'~*)-t'~T'~')+~) atoms of ~ form a set of measure > 1 - e." 



Vol. 36, 1980 r-ENTROPY 325 

PROOF OF PROPOSITION 2.4. Write b for k, (T, ~) .  Fix ot > 0. Let N and 6 be 

chosen, and let ~ be a (~, N, r) family of measure > 1 - 6 with fewer than 2 N~b÷~) 

members. Let ~ + be those B E ~ for which/z (B)  _-> 2 -N~b-~). We show that if N 

is sufficiently large and 6 sufficiently small t h e n / z ( U ~ + ) _ -  < a. 

Suppose not. Fix N and S for the moment.  Choose L so large that for all x in 

a set X0 of measure > 1 - 6 we have 

(1) ]{J : 1 <=j <= NL, Tix E Us~+}l > aNL, 

(2) I{J : 1 <=j <= NL, T'x E X ~ U ~ } l  > 6NL. 

For x E Xo, we concatenate names of length L with different starting points. 

Then (1) and (2) imply 

J{ - T~ ~ U ~ +  for at least ~ L values (1)' k :0 - -<k- -<N 1, and k+jN a 

/I ° of j between 1 and L is greater than ~ N, 

[~ T.  E x - U ~  for less than 4 6 L  (2)' k : 0 _ - < k ~ < N - 1 ,  and k+iN 
I t  

values of j between 1 and L is greater than ~ .  

Combining, we get some k(x) ,  0 < k =< N - 1, such that T kt~)+~N is in U ~  + for at 

least (a/2)L values of j, and is in X - U~3 for less than ( 4 6 / a ) L  values of j, 

I<=j<=L. 

Now we partition Xo by a ~L-measu rab le  partition. The elements of the 

partition are characterized by 

(a) an integer k = 0,--  -, N - 1, 

(b) a choice of a subset J of ( 1 , - - - , L }  containing (a /2 )L  elements (use 

rational a and choose L so (a /2 )L  is an integer), 

(c) for each j E J, a member  of U ~ +, 

(d) for each j ~  J, a member  of ~ U {X - ~}.  

The corresponding subset of Xo is those x such that T k÷jN lies in the 

corresponding set designated in (c) and (d), j = 1 , . . . ,  L. These subsets of )to are 

not actually disjoint, but they cover X0, and we simply disjointify them in some 

way. The sets of this partition of X0 have d~L-diameter no greater than 

(1 - 46/a)r  + 48/ct. 

We now estimate the cardinality of this partition, or rather its log divided by 

LN: this is dominated by 
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I°gN+I°gNL [aLI+INL + 4 a l ° g l ~ + l + ( 1 - 4 )  l ° g ( l ~ l + l ) N  N 

(assuming a < I). The first two terms may be made arbitrarily small (for any fixed 

N)  be choosing L large. Also, for large N, the last term differs by an arbitrarily 

small amount from ( 1 -  a ) l o g l ~  17N. Since I~+ I < 2 N~b-') while [ ~  I_---2 N'b÷~), 
what we are left with is dominated by b -  a2/4+ 6 ( 1 -  a/4). Thus, choosing 8 
small gives our partition cardinality=<2 LNtb-~/8). But its sets have d * N L  

diameters < (1  - 48 /a ) r  + 48/a. In view of the continuity of r-entropy (Proposi- 

tion 2.3) we have arrived at a contradiction. []  

Now, the stronger version, replacing log t ~ t by H ( ~ ) :  

2.5. THEOREM. Let T be ergodic on (X,/~ ). Let ~ be a partition and r > O. 

Then [or any e > 0 there exist No and 8 > 0 such that i[ N > No and ~ is a 

( ~, N, r) family of measure > 1 - 8 satisfying H ( ~ )/ N < k, ( T, ~ ) + 6, then the B 

in ~3 such that 

kr(T, ~ ) -  e < _ log p,(B) < k,(T,  ~ ) +  e 
N 

[orm a set of total measure > 1 - e. 

PROOF. Let ~+ be those B E ~ with/.t ( B ) >  2 -Ncb-~), where ct is fixed, and 

b = k , ( T , ~ ) .  Now take a ( ~ , N , r )  family M of m e a s u r e > l - 8  and with 
16~1 < 2 NO+8). Let ~ '  = ~+ LI {A - U ~ +  : A E M}. Then ~ '  is a (~, N, r) family 

of measure > 1 - 6, and [ ~ 'l < I ,d I + I ~+ I. But clearly I ~+ I < 2~, so if 8 < a we 
have [ ~ ' l  < 2Nb + 2N~b+8~ < 2N~b+2~) if N is sufficiently big. By choosing 8 small 

enough for Proposition 2.3 to come into effect, we can guarantee that, after 
removal of a subfamily of ~ '  of arbitrarily small measure, the remaining B '  ~ ~ '  
all have measure < 2 -~'~-"), for any preassigned a. In particular, this holds for 

~+, and hence for ~ .  Therefore, without loss of generality, we may assume that, 

for all B G ~,  / ~ ( B ) < 2  -u~b-~), where a is preassigned. Let ~ _ =  those B for 

w h i c h / z ( B ) < 2  -N°+~). Then, setting c =/x (I,.J~_) and d = # (I,.J(~ - ~_)), we 

have H(~3) /N >= d(b - a ) +  c(b + [3). Now, c + d >-- 1 - ~5, so: 

H ( ~  )>  ( 1 -  8)b - aa + c[3 -> ( 1 -  8)b - a + c ( / 3 - a ) .  

If c can be kept bounded away from 0 for arbitrarily large N and small 6, then by 
choosing a very small and then 8 very small, we contradict the assumption that 

H ( ~  ) /N  < b + & 
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Thus, / x ( U ~ _ )  must go to 0 as N gets big and 6 small, and the proof is 

complete. [] 

2.6. COROLLARY. For all r >= O, k,(T, ~ )  = h,(T, ~) .  

2.7. COROLLARY. In the definitions of h,(T, ~ )  and k,(T, ~ ) ,  "3No such that 

for all N > No" may be replaced by "for infinitely many N " .  

2.8. COROLLARY. Given r > O, e > 0 and a > O, then there exist No and 6 > 0 

such that if ~ is a (~, N, r) family of measure > a, N > No, and H(~3) /aN < 

h, (T, ~ )  + 6, then those B ~ ~ with h, (T, ~ )  - e < - log/x ( B ) / N  < hr (T, ~ )  + e 

form a set of measure > a - e. 

The argument for this is close to Theorem 2.6, so we omit it. 

2.9. COROLLARY. Given r > O, e > 0 and a > 0 then for sufficiently large N, 

any (~, N, r) family ~3 such that each B E ~3 has measure > 2 -Nth,(r'~)-'), must 

satisfy/x(I, .J~) < e. 

2.10. REMAP, X. The foregoing ideas could be used to define other "approxi- 

mate entropies." For example: suppose instead of using all sets of diameter r, we 

only permit ( ~ , N , r )  families ~ whose members B have names which are 

subsets of spheres of radius r/2 in the set of all N -  ~ names. Since the extra 

conditions we have imposed are preserved under taking subsets and under 

concatenation, we get a new (perhaps larger) r-entropy for which all the results 

of this section hold. It would be interesting to know the relation between the new 

r-entropy and the old one. 

3. r-entropy and equipartition in R" 

There  is very little difficulty in extending the ideas and results of the previous 

section to actions of Z" x R". The main change is to substitute normalized Haar  

measure on generalized intervals for normalized counting measure in defining 

the metric on strings. Indeed, every one of the results of the previous section 

carries over, with only notational changes, although a couple of the proofs will 

require some work, some of which will be carried out below. To avoid 

unnecessary notational complication, we shall here discuss only the case of R", 

which will be used in Sections 4 and 5. 

CN will always denote the cube whose vertices have all coordinates at 0 or N, 

N being a positive real number. If f and g are measurable functions from a 

measurable subset C of R" to a finite index set, then we denote  by de(f, g), or - -  
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when no confusion is possible - -  d (f, g), the number  (1/t C t)I{f~ g }{, where l Cl 

means the Haar  measure of 6". For a measure-preserving action tk of R" and 

partition ~, we can define d~c(X, y ) =  dot, g), where f ( v ) =  ~(4,ox) and g(v)= 
~(~boy), v ~ C; that is, (1 / ICI) l {v :~o(x)~  ~o(Y)}l. Denote  by ~c  the it-field 

spanned by {~bSl~ : v ~ C}. Then a family ~ of disjoint sets will be called a 

(~, N, r) family if 

(1) each B ~ ~ is in ~c,~ 

(2) each B E ~ has d ~-diameter  =< r. 

The distance thus defined will be treated rather casually from the notational 

point of view, but we believe this will cause no difficulty. 

h,(~b, 5 a) and k,(~b, ~ )  may be defined in obvious analogy with Section 2. Of 

the properties listed (a) . .  • (e) in that section, all but (a) are immediate. We must 

prove, then, that lim,~o k,(4~, ~ ) =  ho(tb, ~ ) .  The definition of h0(~, ~ )  may be 

taken as 

ho(~b, ~ )  = lim I Co I-lho(r~ °, ~), 
D~,O 

where ~b ° is the Z"-action obtained from ~b on the DZ"-latt ice:  ~b ° = ,boo. (The 

entropy of a Zn process is defined in [1] and [4], and is completely analogous to 

that of a Z action, i.e., a transformation.) 

3.1. THEOREM. For any ergodic probability-preserving R" action r~, we have 

lim k,(~b, ~ )  = h0(~b, ~) .  
r ~ 0  

PROOF. In the course of this proof we shall use analogs of some of the simpler 

results of Section 2 for actions of Z". The problems introduced by these 

generalizations are only notational. 

Fix D > 0. The continuous d ~ distance on Cn between x and y may be 

computed by taking the discrete d ~ distance between ~box and ~boy over the Co 
lattice points in CN, and taking the normalized integral of this as v ranges over 

Co (provided N/D is an integer). 

Suppose ~ is a (~, N, 8) family of measure 1 - e. If x and y are in the same B, 

dc,, (x, y)  < 8. Then a sequence of Fubini theorem estimates tells us that for any 

preassigned e > 0, a small enough choice of 8 will guarantee that there exist a set 

V C Co with I VI/I Col > 1 - e, for each v E V a set S~ C X with/.~ (S) > 1 - e, 

and for each B E ~ and x ~ B O So a set Rx with/z (Rx)//~ (B) > 1 - e, such that 

if v E V, x E B O So, and y ~ Rx then the discrete distance from 4~x to ~boy 

(over the Co lattice points in CN) is less than e/2. Thus if y' ,  y" are in R~ the 
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discrete distance from 4,vy' to 4,vy" is less than e. Choose some fixed v E V and 

some x ( B )  is each nonempty  B O So, and let Go = {4,-vR,(m : B n S ~  0}. Then 

( U  Go) > 1 - 3e, [ G01 --- I ~ I, and each B E Go has discrete d ~' d iameter  < 3e 

over  the Co lattice points in CN. Expand each set B E Go by throwing in the set 

/~ of all points which have the same ~ name over  the Co lattice in CN as any 

point of B. The family so obtained consists of sets which are measurable with 

respect to V {4 ,_~  : v E D Z "  n CN}. However ,  they may no longer be disjoint. 

Disjointify them. Thus we have produced a ( ~ , N / D ,  3e) family for 4, °, of 

measure > 1 -  3e, and of cardinality =<INI.  Since e was completely arbitrary, 

this shows that 

lim ks (4,, ~ ) >= I Co I-'ho(4, o, ~ ), 
~5~0 

which gives the result, in one direction. 

To go in the opposite direction, we first single out a lemma. 

3.2. LEMMA. Fix e > O. There exist D > 0 and No so that if N > No, and if 
we let Lx be the set of Co lattice points v in CN for which 

I(w E Co : ~(4,w~-ox) = ~(4,ox)} I < (1 - e)l Col, 

then {x : I Lx I > (1 - e)  (N /D )" } has measure > 1 - e. ((N /D )" is of course just the 
number of Co lattice points in CN.) 

SKETCH OF PROOF. By a straightforward argument  involving Fubini 's  

Theorem,  the Lebesgue Continuity Theorem,  and stationarity, we get 

I{~ ~ Co : ~(4,~x) = ~(x)}l  > (1 - e)l Col 

for all x in a set of measure > 1 - e ~. From here the result is easy. 

PROOF OF THEOREM 3.1. Let  R be the set of x of measure > 1 - e in the 

s ta tement  of L e m m a  3.2. Then R is a ~c, , -measurable set, and if B is a 

{ 4 , ~  : v E D Z  ~ n CN}-measurable set of discrete diameter_-< r for the 

{(4,~, ~ )  : v E Z" n CN} process, then B n R is ~'c, ,-measurable and has con- 

tinuous diameter_-< r + 2e for the {(4,v, ~ )  : v E C•} process. Thus 

kr+2~ (4,, ~ )  ~- [ G l-'k,.(4, D, ~ ). 

Fixing D and letting r--~ 0 gives 

k2~ (4,, ~ )  --< [Co I-lh0(4, o, ~ ) .  
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Let e ~ 0; and D ~, 0 (as forced by e ). Then we get lim~o0 k, (ok, ~ )  <= ho(~b, ~) .  [ ]  

As for the remaining results of Section 2, the proofs all go over with only 

notational changes. The only exception to this is Proposition 2.4, where the 

continuity provides an added complication in making the count at the end of the 

argument. This is handled by using a fine lattice and the Lebesgue continuity 

theorem. 

Here  is one final small result which will be used in Section 5. 

3.2. PROPOSrnON. Given any S C X and 0 < e < i~ ( S ), and any point r, then 

for any sufficiently big N there is a (~, N, r) family ~d which covers S up to measure 

e, and a special point x (A  ) E A n S for each A E M, with the x (A  ) at mutual d ~ 

distance > r/2, with I ~ l  > 2  Icl~k,~*'~-~, and with ~ ( A ) < 2  -Ic,~l~k,~)-~) for all 

A E M .  

PROOF. Choose a maximal family x~, • •., x~ of points in S which are mutually 

more than r/2 apart in the dc~N metric. Let B~ be a sphere of radius r/2 around x~ 

in this metric. Then U~B, 3 S, because of maximality of {x~, • •., x~}. Disjointify 

the B,, getting a family {B ~, • •., B't}. Since no x, is in Bj if j ~ i, it follows that 

x~EB; .  Reject all Bf of m e a s u r e > 2  -N<b-~/z~, where b =  k,(~b,~). If N is 

sufficiently large, then - -  by the R" version of Corollary 2.9 - -  we are rejecting a 

set of measure < e. Also, the remaining B~', since they cover S up to e and each 

has measure=<2 -N~b-'/2), must be in number greater than ( ~ ( S ) - e ) 2  ~'tb-'/:). 

Choose N so large that (/x (S) - e)2 N'/2 > 1. This does it. [] 

3.3. REMARK. It is important to realize that all these notions are unaffected 

by isomorphism. This is not quite as empty a remark for flows or R" actions as it 

would be for transformations. Let 4, on (X,/x) and qg on (_~,/2 ) be isomorphic R" 

actions. That is, let f be an a.e. defined 1-1 m.p. map:X--->)~. Then 

(v, x ) ~  (v , f (x))  is jointly measurable, and measure-preserving for the product 

measures, so given any partition ~ on X and letting ~ = f ( ~ ) ,  we have that the 

functions v ~ ~(~b~x) and v ~ ~(chof(x)) agree a.e. as functions of v, for a.e. x, 

so isomorphism don't  change anything. 

4. d joinings and semifinitely determined actions 

We begin with a discussion of the d metric. 

Let (C, h ) be a Lebesgue space with finite measure, and let ~ = {~, v E C} and 

~/= {r/~, v E C} be stochastic processes so that the functions (v, x ) ~  Go (x) and 

(v, y)  ~ r/. (y) are jointly measurable, with values in the same finite set. A joining 
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of ~¢ and • is a stochastic process (~, f/) = {(~, f/o): v E C} such that ~ s ¢ and 

f / ~  r/. Associated with each joining is a number, which we call its gap: the 

infimum of {b : {z : A {v : ~o (z) ~ ~o (z)} _-> bA (C)} has measure _-> b}. d(~:, ~/) is 
the infimum of the gaps of all possible joinings. Thus d(¢, 7 / )<  b ¢:¢, there exists 

a joining for which A{v :~v(z)~f lo(z )}<bA(C)  except for a set of z of 

measure < b. Two joinings (~ ~) and (~, 4 )  are said to be equivalent if they have 

the same joint distribution as stochastic processes. 

4.1. REMARK. Any joining of ~ and 7/ may be realized in certain canonical 
way. Let (X, if , /z) be the measure space of ¢, let ,~o be the tr-subfield of ,~ 

generated by ~:, let X be the space of atoms of ~;0 in X, and let (~:0,/2) be the 

images of ,~0 and ~ in X'. Similarly if r/ is defined on (Y, q3, v), and q3o the 
or-subfield generated by r t, we get (I7, @o, ~3). Let ~ and ,j he the images of ~¢ and 

r/ on X" and 17 respectively. Then if we are given any joining of ~ and aq as 

described above, the joint distribution may in a straightforward way be 

transferred to (.~ x 17, ~'0 x @o), so that we get a measure p on 40 x @o which 

projects to/2 and b respectively. This special joining might reasonably be called 

a minimal joining; so to every joining there corresponds an equivalent minimal 
joining on R x 17. 

4.2. REMARK. There is a subtlety which we should elucidate here. While our 

joining carries processes isomorphic to (~¢, ~-o, tt ] J:0) and (rt, q3o,/z I q3o), it does 
not necessarily have a ~-subfield corresponding to all of ~ or all of q3. We shall 

now arrange matters to provide these. We shall build fibres, which will be 

measure spaces, over each point (~,)~) of our minimal joining. Let p be the 
projection: X --~ X" and q : Y --~ 17. Then (X, ~,/z ) may be fibred over (X, 40,/2 ), 
getting measure spaces (zr-l(2), ~ , /x~)  for each £. Similarly, (Y, ~d, u) may be 

fibred to get (0-~0~), ~ ,  v~). Then we make a new measure space which is fibred 
over (X'x  17,#:ox ~o,/2 x ~3) by putting the fibre (Tr-~(~)× 0-1()~), ~ × qdg, 

/z~ x v~) over (~, ~9). This space may then be regarded as the product of (X, ,~) 
and (Y, qd), and its measure projects on to /z  and u; furthermore, the process 
(~ow, ~ o0) is isomorphic as a joint process to (~, 4). Such a joining we call a 

comprehensive joining. Now we define ac,,((~b, ~) ,  (~, ~) )  by using the processes 

~b_~ and ~_~9~, v ~ C~; and 

d((~b, ~) ,  ($, ~ ) )  = lim sup dc,,((~b, ~) ,  (tk, ~));  
N ~  

which, because of stationarity, is really just l i m ~ d c , , ( ( ~ b , ~ ) , ( 6 , ~ ) ) .  The 

joinings involved may always be assumed to be comprehensive in the sense 

of 4.2. 
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4.3. PROPOSITION. Given a process (~b, ~) ,  a finite set V C R n, and e > 0, and 

setting ~ = V {¢k-v~ : v ~ V}, then there exist 8 > 0 and No such that if N > No 

and dc,,((¢b, ~) ,  (~b', ~ ) )  < 6 then there is a joining of gap < e for which the 9~' 

corresponding to 9~ satisfies 19~ - ~ ' l  < e. 

PROOF. Assume V is contained in a cube of side M centered at the origin. 

Then for any joining of (4', ~ )  with (~b', ~ ' ) ,  and x E X and x '  ~ X' ,  

I{v e c, ,  : ~ ( x ) ~  ~'(x')}l--< M +1VI I{v ~ C,, : ~'(x) ~ ~"(x')}l. 

Thus, d c , , ( ( ¢ , ~ ) , ( 6 ' , ~ ' ) ) < = M / N + l V l a c , , ( ( 6 , ~ ' ) , ( 6 ' , ~ " ) ) .  Therefore  

w.l.o.g, we may assume ~ = ~. 

If the joining has gap < 8, then an application of Fubini's theorem tells us that, 

if p is the measure on the space of the joining, then 

p{(x, x'): ~(¢~x) g ~ ' (6 :x ' )}  < 8, 

except for a set of v in CN of proportion < 6. 

Let D = (8)1/"N. Then there must be some r o e  Co satisfying 

p {(x, x ')  : 9~ (¢~ox) ~ ~'(~b~ox')} < 8. Let the joining be the comprehensive one of 

Remark 4.2, on the space X x X' .  Then ~b~ ox ~b~ o acts; it sends p to a new 

measure, which is still a joining; and since the shift was by a vector in Co, there is 

not much change in the gap: for 

I{v : ~(4,o÷~oX) ~ ~'(¢,:+~oX'), v ~ c,,}l  

is no greater than I{v : ~ (6ox  ) : ~ ( 6 ~ ' ) ,  v E CN}I + [{v : v + vo E CN, vf~ CN}I, 

and I{v : v + Vo E C~, v~. CN}I <lc~l -  I c,,-o I. Thus, the translation of p by 

~b~o x ~b~ o gives a joining of gap less than 

8 +  IC N I - IC N -° I  8 + ( 1 -  ( 1 -  8) '")" ,  
Ic,,I = 

which is small if 8 is small; and in the new joining, {(x, x ' ) : ( x ) #  ~ ' (x ' )}  has 

measure < 8. [] 

4.4. Proeosrnon.  Given ( ¢b, ~ ), e, and V as before, and defining ~ as before, 

then 38  and N so that if dc,,((¢k, ~ ) ,  (¢b', ~ ' ) )  < 8 then there is another joining, of 

gap < e such that, when regarded as a joining of the discrete processes ( ~, ~ ) and 

( d/, ~ ' )  obtained by restrictions ck and 4~ ' to Z", then this discrete joining also has 

gap <e .  

PROOF. This goes along similar lines. Again we may assume ~ = 9~. But we 

use Fubini's theorem on the given joining of gap < 8 to conclude that, except for 
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a set of (x,x')  of measu re<3 ,  the set of v in C, for which 
{w : ~ (cb,,÷,,x) ~ ~'(~b'+~x') for a proportion more than ~(I CNI - Ic~ l ) / I  CNI of 

the integral lattice points w in CN} must have measure < 3. Again, choose such a 

non-exceptional v0; then, for any of the non-exceptional (x,x'), we have 

(thw+oox) = ~'(~b'+oox') except for a set of lattice points w of small proportion. 

As before, shift the measure of the joining by ~b~, x ~b~ o. This changes the gap of 

the continuous joining by very little if N is large, since v0 E C~; and now we have 

~(¢b~x) = ~(qb'x') for a large proportion of lattice points w, for most (x, x'). 

This completes the proof. [] 

Now we recall the notion of "finitely determined" (FD). A Z process (T, ~ )  is 

called FD if, given e > 0, there exist % tS, and N such that if (T, ~ )  is another 
process satisfying 

(1) ho(T, ~ )  > ho(T, ~ )  - % 
(2) Idist V ~  T-S~ - dist V,~ 

then d((T, ~) ,  (T, ~))  < e. 

Ornstein [6] showed that T 

generator ~ such that (T, ~ )  is 

clearly extends to actions of Z", 

(see [4]). Furthermore, if in (2) 

I dist ~ T-J~ dist 
j = l  

< a, 

is a Bernoulli transformation ¢:> there is a 

FD ¢:> for every 2, (T, 2 )  is FD. The notion 

as does the aforementioned result of Ornstein 
we replace 

'F-'~I by aN((T,~),(T,~)), 
1=1 

which gives an equivalent definition, then in this form the definition has an 
obvious meaning for flows, or for R" actions. Can it be used to characterize those 
(~b, ~ )  for which ~b is a Bernoulli action? The answer is a strong no : if tk is a flow, 

then no (t~, ~ )  can be finitely determined. The basic reason for this is that a flow 

can have a generating partition which is extremely close to the trivial partiton, so 

that entropy is extremely sensitive to small d changes. 

There is a substitute definition. It makes sense for transformations equally 

well, and it may be shown that this new definition will work as well as FD to 

characterize (T, 9 ~) with T Bernoulli. However, we shall discuss only the case of 

R" actions. The idea is to use approximate entropy, which for fixed r changes 
continuously in the d metric. 

4.5. DEFINITION. Let th be an aperiodic ergodic action of R" and ~ a 

partition such that (~b, ~ )  has finite entropy. We say that (~b, ~ )  is semi]initely 
determined (SFD) if given e > 0  ::iy > 0  and for each positive r some 8, and N, 

such that if (~b, 9 ~) is another aperiodic ergodic R" process and satisfies 
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(1) h,(tk, ~ )  > ho(ck, ~ ) -  y, 

(2) dcN,((qg, ~) ,  (~b, ~ ) )  < 6,, 

then d((,#, ~) ,  (4~, ~ ) ) <  e. 

4.6. REMARK. The definition makes sense for actions of Z or Z" as well, and 

in these cases it may be shown that a process is SFD if and only if it is FD. 

4.7. THEOREM. Let cb be an aperiodic and ergodic action o[ R ", ~ a generator, 
and suppose that/or some generator ~ under the Z" action O~ obtained [rom ck by 

restriction to the integral lattice, the process (~b, ~ ) is FD. Then (ck, ~ ) is SFD. 

PROOF. First choose a D so small that there is a set S C X of measure 

> 1 -  e/100 such that for any x ~ S a fraction > 1 -  e/100 of the Co lattice 
points v in C~ have the following property: 

g 
I{w co  :  (4,ox)}l < I co  I. 

Now take a process (tk, ~ )  with dcN,((tk, ~) ,  (~b, ~ ) )  < 61. I claim that if 6~ is 

small enough and N~ big enough, then the same state of affairs holds, but with 

e / I0  replacing e/100. 

To see this: let V be the set of Co lattice points in C1, and let ~ =  
V {~b_~ : v E V}. Choose 61 and NI as in Proposition 4.4, but for (e/100) 3. Then 
if dc,~,((~b, ~) ,  (~b, ~ ) )  < 61, we have: 

(1) except for a set of ( x , i )  of measu re<  (e/lO0) 2, 

Ic,,[, 

(2) except for a set of (x, ~) of measure < (e/lO0) s, 

1--66 IZ"nCN.I. 

Let T be the union of these two exceptional sets. 

If (x, ~ ) ~  T, then there is a set of integral lattice points v, of proportion 

> 1 -  e/100, so that both I{w E C~: ~(~b,+~x)# ~ ( ~ , ÷ ~ ) } [  < (e/100) 2 and 

~(~box) = ~(~bd/). Thus, there is some integral lattice point v0 such that, for all 

(x, :/) not in some exceptional set U of measure < e/100 + 2(e/100) 2, ~t (~k~oX) = 

(4%~) and 
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The set S of ~ for which there is some x • $ with (4,_~ox, ,b_j)C U, has 

measure > 1 - e / 1 0 0 -  e / 1 0 0 >  1 - e/10. Let ~ be in :~, so we have x • S with 
( x , ~ ) ~  U. Then ~ ( ~ ) =  ~ ( x ) ,  so #(~b-~)= ~($~x)  for all v • V. 

• c , } l <  1-66 • 

Finally, {w : ~(4~+~x) # ~(4~x),  w • Co}l < (e/100)l C~I, except for a fraction 
of v ~ V smaller than e/100. Combining these, we see that, for such (x,~), 

except for a set of v • V of proportion < e/50, we have both 

l{w • CD : 

E E 
< f ~ [ C ~ ,  I and [ { w • C o : ~ ( d p , + d ) ~ ( d ~ , + o x ) } l < ~ [ C o  l, 

and since ~ ($ , , x )=  ~(~b,~) for x • V, we get: except for a set of v • V of 

proportion < e/50, I{ w • Co : # (~w +d)  # # (q~,,~)}l < (e/50)1 Co l- 
Now choose some large L. 

We will attempt to construct a ~ in 3~ satisfying 

(i) d( ( , ,  ~),  (~, ~) )  < e/10t,. 

We first show how this may be used to get d((~b, ~) ,  (qb, ~ ) ) <  e. 

Choose an L so large that if we set .9'= V { $ _ ~  : v EZ",[[v{I<L} (where 

II v IJ = max of coordinates), then =1~o < 6e with I ~ o -  ~ 1 <  e/10. I claim that by 

choosing 8~ yet smaller and N~ yet bigger, we can get, for the corresponding 

partition # on J~ and the corresponding ~o, I ~ 0 -  ~ l <  e/10. This is immediate 

from Proposition 4.3. 

Notation. C/, = {v • R" = II v II <= N}. So I C~ I = (2N)", while I C~ I = N". 

Take a measure on X x 3~ which gives a comprehensive joining of (~,-~) and 

(~b, 2 )  on CM of gap < e/lOL. (M will be chosen very large.) Then the set of pairs 
(x, .~') for which 

{v : ~ (~b,,x) # ~ (~b,,.f), v • C~ fq Z"}I < 1 - ' ~  M"  

has measure > 1 -  e/lOL. If (x, ~) is in this set, then 

I{v :  e(,ox) # v • w} l  M" 

where W is the integral points of CM with a slab of thickness L removed from 

the outside. Since ~o  C ~ and ~o C 57, we likewise have for such (x, £), 
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e M , ,  I{v : ~o(6~x) g ~0(6: ) ,  v ~ w}l < ~  

< @/9)1M - 2L 1" if M is sufficiently big. Now, by the ergodic theorem, if M is 

sufficiently big we can exclude sets of measure < e/10 from X and X and get, on 
the remaining points, 

l{v : ~(6~x)  ¢ O~o(6~x), v ~ W} I < 9  (M - L)", 

I{v : ~ ( $ : )  ¢ ~o($~),  v s wll  <9  ( M -  L) o. 

Thus, except for a set of (x, ~) of measure < e/3, we have 

I{v : ~(,#~x)¢ ~( ,~: ) ,  v ~ w}l <3  M". 

but if ~ ( 6 o x ) =  ~ ( 4 ~ )  and x 6 S and ~ 6 .q, 

ThUS, 

E E 
l{w : ~(6.+:): :(&÷:), w ~ c,}l <i~+ ~oo" 

< + M .  

+ the volume of a boundary of thickness L, 

which, if M is big enough, is less than eM". Furthermore, the exceptional (x, .~) 
form a set of measure < e. Thus dc,,((~b, ~) ,  (~, ~ ) )  < e. 

It remains to produce ~ satisfying (i) d((~b, ~),  (~, .~)) < e/lOL. Since (~b, ~ )  is 
FD, there exist 3'0, 8o and No so that if (~b, ~ )  satisfy 

(a) ho(~l,, ~ ) > ho(~l,, ~2 ) - yo, 
(b) (0,.~) is closer than 80 to (q/,.~) in the d distance on CNoEZ", 

then (q/, .~) satisfies (i). Thus the problem is to achieve (a) and (b). 

First we try for (b). Choose some finite set W CR" such that, setting 

~ = V {~b-v~ : v ~ W}, then there is some ~o C j r  with 1.~o- ~ I < 80/100No. Let 
3 correspond to ~r and ~ to ~o for the (t#, ~ )  process. Now choose 81 so small 

and N1 so big that dc, q((4~, ~ ) , (~ ,  ~ ) ) <  81 implies dNo((~, J-),(ff, ~-))< 80/2. 

This may be done, by Proposition 4.4. Then also &,o((q/, .~o), (4',-9-)) < 80/2. But 
then dNo((qJ, _9.), (4,, .~)) < 80. 

Finally, we try for (a). It is here that the r-entropy assumption will come into 
m - -  

play. Suppose h, (gb ,~)>ho( tk ,~) -yo=ho(q / , . .~ ) -yo .  We need to get 
ho(qJ, ~ )  _--- h,(~b, ~) .  Choose K (depending on r) so that the ~ name on C~ t3 Z" 
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determines a set of d d i a m e t e r < r / 4  for fi~ on C,, except for a set R of 

measure < el (el to be chosen later). Choose I ~ o -  .~i yet smaller, < e~/I C~I. 

(This affects the size of the set W of the previous paragraph, and hence forces 

the 8~ and N~ of that discussion to depend on r.) For all x outside of a set of 

measure < el, the fl0 name on C~ t"l Z" is the same as the ~ name. Thus, for all x 

outside of a set of measure < e ], the ~0 name determines a set of aT diameter < 

r/4 for ~ on C,. Proposition 4.4 may be applied to tell us that if 

dcN((th, ~ ) ,  (~, ~ )  is small enough, for large enough N, then the same will hold 

for (th, ~ )  if we replace r/4 by r/2 and e~ by 2e~. That  is, outside of a set E of 

measure < (2el) 2, the .~ name on C~ tq Z"  determines a set of dc~,-radius < r/2. 

The argument is much like the previous use of Proposition 4.4 in this theorem. 

Now apply the ergodic theorem to t~: if M is sufficiently large (in particular, 

M >> K)  then, with the exception of a set of $ of measure < 3 e ,  ~d~ will be in E 

for a fraction less than 3e~ of the v in Cu N Z". Thus, among the non-exceptional 

x, the ~ name on C~ D Z"  determines a set of d~c,~ diameter < r/2 + 4e~. Choose 

et < r/8, so the d~M diameter is < r. Now, applying the Equipartition Theorem 

to (~O, .~), we see that ho(tO, ~ ) >- hr(ch, ~ ). [] 

5. The i s o m o r p h i s m  theorem in R ~ 

Let ~b be an aperiodic and ergodic action of R" and 3 ~ a partition so that 

(~, ~ )  has finite entropy. 

5.1. THEOREM. Suppose ~ is a generator under 4~, (4~, ~ ) is SFD, and tO is an 

aperiodic ergodic action of R" with h (tO) = h ( 4~ ) < oo. Then there is a partition ~ so 

that ( tO,~)~ (~b, 3a). 

As in [6], it suffices to show the following. 

5.2. FUraDAMENTAL LEMMA. I f  (d~, ~ )  is SFD, tO is aperiodic and ergodic, 

h ( 4~, ~ ) = h ( tO ), and ~t satisfies d((tO, ~t), (~b, ~ ) )  < (e/100) 3, then for any e ' > 0 

3 ~ '  with d((tO, ~ ' ) ,  (4a, ~ ) )  < e'  and I ~ '  - 3t [ < e. 

This will itself be proved in several steps. For a set S C X and C C R", CS will 

mean [,.J{~bo (S) : v E C}. It will be convenient to always take K, L, M, N, etc. to 

be integers. 

5.3. LEMMA. Given M, r > O, and e > O, there exists No and 8 such that if  

E = CNF is a Rokhl in  tower made with the N cube, N > No, and with error < 6, 

and Y¢ is the partition consisting of X ~ E together with the sets { C F  : C a cube 

from the 1~M-lattice in the N-cube},  then h,(to, Yg)< e. 
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PROOF. Choose L so big that translation of C1/m by any vector in C1/L moves 

a fraction less that r/4 of its volume outside of itself. Choose 8 < r/4 (for 

starters). Let N be any positive integer. Choose a > 0, and choose K so large 

that - -  by the ergodic theorem - -  except for a set of y of m e a s u r e < a ,  

I{o E Cry: ckoy ~ E}I/(KN)" > 1-28.  
Now, for each K, we concentrate on the y 's  in this "good"  set, call it S, and 

show that if 8 is sufficiently small and K sufficiently big then S may be covered 

by few enough ~c,,~-measurable sets of dc,,~-radius< r to get the desired 

entropy estimate. 
Cr, Ny is a copy of Cr.N, and is thus divided up into K"  cubes of side N; call 

these fixed cubes. Cubes (or parts of cubes) of the form CNy', y ' E F ,  are 

scattered over it; call these random cubes. They are of course disjoint. At most 

2nK "-~ random cubes can intersect the boundary of C~y ,  and if K is sufficiently 

large they constitute a proportion less than 8 of the volume of Cr~y. So Cr~y is 

covered up to proportion 38 by random cubes lying entirely inside it. 

No fixed cube can contain more than one point of F, but at least K"(1 - 38) of 

them contain one, by the previous sentence. Now divide each fixed cube into 

"little cubes" of side 1/LM, and number them in some systematic way. To each 

y E S assign the following data: 

(1) the set of fixed cubes containing a point of F (making some sort of 

convention about boundary occurrences), 
(2) for each fixed cube containing a point of F, the number of the little cube 

containing the point of F (once again, making a convention about boundaries). 

If the same data is assigned to y~ and y2, then, by the choice of L, the 

~c,~-names of Yl and Y2 agree up to 48 < r. This gives a partition of S into 

~c,~-measurable sets of radius < r, and we must count them. An upper bound is 
K K n "n Ej~K-~l-38~(j )(LMN) j • Observing that K"  - [K"(1 - 38)] < 3K"& and that 

(K~)=(KnK~_k) for any k, 

we see that the sum is maximized by 
/ \ K"  1 ([3KnS] + 1) [[3KnS]) provided 38 < 

Taking logs and dividing by (KN) ~, we get a sum of three terms: 

1 . < 1 
(a) ( - ~ - ~ l o g ( [ e K  8 ] + l ) = ~ - - ; l o g 4 K  ---*0 as K---,oo, 

log log 
(b) (KN)~ =< [3K"B]K ~ ---38 1og38 + ( 1 - 3 8 ) 1 o g ( 1 - 3 8 )  as K--*~, 
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n log LMN_..~ 0 as N --~ oo. 
(c) N "  

Choice of N sufficiently large and 8 sufficiently small gives the desired result. []  

The next lemma is a "s t rong" Rokhlin theorem. The construction is just an 

adaptation of the usual one for Z, as in [8]. 

5.4. LEMMA. Given any partition ~ and N, 8 there exists a Rokhlin tower 

E = CNF with error < ~5 such that, letting 7r be the projection from E onto F, and 

p = u o ~r -1 normalized, then the process {~o, v E CN} on (F, p) given by ~v = 

~1(S2o [ ~oF) is within ~ of the process {~o : v E CN} in the d metric. 

PROOF. Let  E'  = C ~ F '  be a Rokhlin tower with error  ~'. Divide the points 

of F '  into a family 5¢ of sets of diameter < 8'  for the d metric on ~c,~ ; there are 

only finitely many of these. Let  7r' be the projection from E '  onto F' .  Then 

u o zr '-1 is a continuous measure. Normalize it to get a measure p'. Choose a 

random variable O:F'---~ CN which is uniformly distributed on each $, with 

respect to p'. Now define a new tower with base F = Uy~, Uo~0~y~y, where v 

ranges over a set of centers for the lattice of N-cubes inside the KN-cube,  with 

the bordering N-cubes omitted. Let E = Cr,F. It is reasonably clear that for 

sufficiently large K and small 8', this Rokhlin tower will have the desired 

property. [ ]  

5.5. LEMMA. For any fixed No, and a.e. x, the empirical distribution of the 

9a C,,o name on the ~c,, name of x converges in the d metric to the distribution of 

CNo, as N --~ oo. 

PROOF. First choose a (~,  No, co) family Mo, with eo very small, which covers 

all but eo of the space. Then by the ergodic theorem, the emprical distribution of 

the finite partition Mo over CNx, with N large, will be d close to its true 

distribution. 

Thus a measure-preserving bijection may be set up between the space of 

and the cube C~ with normalized Lebesgue measure, such that if x is outside of a 

certain set of measure < e, then for all v ouside of a set of measure < Co, the 

name of Cox will be precisely that of the point which corresponds to v. This 

correspondence gives a d joining to within 2e0. []  

5.6. PROOF OF rnr~ FtrnDA~rrrAL LE~t~ .  Let  y' ,  K and N, be the quantities 

provided by the definition of SFD for (~b, ~ )  and e '. Then what is required is to 

construct ~ '  and find r > 0  such that 
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(ii) h,(#, ~ ' )  > h(~b, ~ ) -  y' ,  

(iii) deN,((#, ~ ' ) ,  (~b, ~) )  < &. 
Choose ~ D ~ so h (~b, .~ ) > h (~b, ~ )  - y'/2. Choose s ,~ e and so h4~ (~b, .9. ) > 

h ( ~ b , ~ ) - y ' / 2 .  Since h4,(~b,~)<h(~b,o~)=h(~b,~),  choose r , ~ e  so 

hs,(~b, ~ )  > h4s (~b, ~).  
Since d((~b, ~ ) ,  (6, ~))  < (e/100) z, choose such a joining of the processes; in its 

weakest form, this means that for each N we can find a space (.,q,/2) and 

processes {~o, ~v, v E C~}, with {~v, o E CN}---- { ~ ,  o E CN}, {~ ,  v E CN} 

{ ~ ,  o ~ CN}, and 

except on a set of measure < (e/lO0) z. 

We may assume further that there is a partition ~ D ~v, v E C~, with 

v v 

This last may bc achieved by putting in the ~ process independently of the 

process on each fibre of the ~ process. 
Now take N at least large enough that there is a (2, N, s) family ~ of total 

measure_-< 1 - 5o with ]~  I > 2N"tb-~°> and each B ~ ~ of measure-> 2 -N"~"÷~°), 

where b = h,(~b,~). This may be done for any preassigned ~50, by the r- 

equipartition theorem of Section 3. We may also assume that on [.J ~ a shift by 

~b~ with v ~ C~ will change the -~c,, name of a point by less than s/2 in d;  this is 

an application of the ergodic theorem and the Lebesgue theorem on continuity 

of translation. 
Next, choose a (~, N, 8r) family ~ of measure -> 1 - ~50 with ] ~ I --> 2N~-'°) and 

each A ~ ~tt of measure _-< 2 -~"t~-'°), where a = hs,(tk, ~) .  We may also assume 

that [.JM consists entirely of points x for which the empirical distribution of 

~cN. on C~x differs in d from the true distribution of ~c,,. by less than ~50, and 

that a shift by ~bo with v ~ C~ will change the ~cN name of x by less than r/2 in d. 

Finally, we may assume, by Proposition 3.2, that there are special points 

x(A ) ~ A ~ ,d with mutual distance _-> 4r. 

Now transfer the whole picture to ,~, getting families ~ ,  ~t. If ~o has been 

chosen small enough, so that ~ and ~ nearly fill 3~, then more than 1 - e/50 of 

X will be filled by sets ~ in ~ . . .  call them the good ones . . .  for which a 

proportion of at least 1 - e/50 of the measure of /3  is occupied by sets ,~ in 

such that A ~ /3  contains points for which the ~c,~ name and the ~c~, name 

differ in d by less than e/100; the facts that r "~ e and s '¢ e then tell us that the 
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~c,, name of g (A)  and the ~c,, name of any point in this/~ differ in d by less 

than e/50. Call such /3 and A compatible. 
Now let c = a - b ,  and choose 80<c/3 .  Then each M set has measure 

=< 2 -N'~a-~o) =< 2 -N~b+28o) = 2-N"~o2 -~b+~o). Choosing N large makes this 

< (1 - e/50)2 -~"<b÷8o). Thus, each collection of k good ~ sets must intersect at 

least k compatible M sets. By the Marriage Lemma, we assign to each ~ set a 

different compatible M set; to the remaining ~ sets we assign any of the 

remaining ,~ sets (since there are plenty left, by our estimate). 

Now we transfer the entire picture to the space Y. First we build a Rokhlin 

tower E = CNF of error 8 and, as in Lemma 4.2, such that if ~r is the projection: 

E ~ F, and p is v .  Ir -1 normalized, and .~o = 7r(.~ [ ~b~F), then 

d({.% : v ~ CN}, {~n : v ~ CN}) < 8 .  

where 8~ is chosen after 8o and is really small. 

Now, since 8~ is so small, we can copy ~ into (F, p); that is, we get a family 

of disjoint {.~v : v ~ CN} measurable sets covering F up to, say, 280, each having 

d diameter < 2s, each ~ set/~ corresponding to a certain/~ in ~,  and - -  aside 

from a total number of points of total measure < 80 - -  the {~v, v E CN} name of 

each point of /~  being within 8o of the ~c,~ name of some point of B in the d 

metric. This depends only on the smallness of 8~: the choice of 8~ is not affected 

by making N larger of 8 smaller. 

Now define the partition ~ ' ,  indexed like ~, as follows. Let Fo be the union of 

the sets in ~,  and let Eo = zr-~(Fo). Thus, assuming 8 < 80, Eo has measure > 

1 - 380. If y E Eo then y = ~/,,yo for some Yo in some/~. The corresponding/~ was 
assigned some A E M by the Marriage Theorem. We assign to yo as its ~g,, 

name the ~c,, name of the special point x(A) in A, where A is the isomorph of 

A, in M. Thus, the index of the ~ '  set containing y is the same as the index of the 

~ ,  set containing g(A).  Outside Eo, define the partition ~ '  arbitrarily. 

Now we must show that (i), (ii), and (ii) will be satisfied by ~ '  if the parameters 

have been chosen properly. 

(i) [ ~ ' - ~ l < e .  

This is because if a point y of Fo lies in/~, then its ~c,, name is 6o close in d to 

some ~cN name in /~, which in turn is within e/100 of any ~c,, name in the 

corresponding A ;  but these are almost all the same as the ~cN names in the 

corresponding A. Now, the ~ '  c,, name of y is one of these ~c,~ names: 

specifically, the name of the special point. Thus, the dc,~ distance of the ~'c,, and 

the ~c,, names of points in Fo is less than ~o + e/lO0. So I ~ ' [ E o - ~  lEo[ < 

~5o + e/100, and since/z (Eo) > 1 - (#o + e/100) if ~ is small enough, (i) is proven. 
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(ii) h,(~b, ~ ' ) >  h(~, ~ ) -  3"- 
Choose M > 0 and use N, 8, and M as in Lemma 5.3 to make a "height"  

partition ~ with respect to the tower CnF. Choose M so large and a number ro 

so small that, if/Q is sufficiently large, then knowledge of the ~ name to within ro 

in d,~ on CAy tells the position of occurrences of E0 columns in GAy to within an 

error  of less than 81, for a proportion at least 1 - 8, of these occurrences. Then 

choose N so large and 8 so small that h,o(O, ~ ) <  y'/8, and choose/V so large 

that there is an (~,  CA, r0) family ~d of measure > 1 - 8: with I ~l  < 2~'"/2. Also 

choose any ( ~ ' ,  N, r) family @ of measure > 1 - 82. Then ! ~ v ~3 [ < t ~ t" 2'~"a- 

Now, choice of a D f3 G in ~ v ~J tells us the position of a proportion 1 - 81 of 

the E0 columns, to within 81. Thus, since a change of position by less than 81 

changes the ~c,, names of the special points by less than r/2, and these are the 

same as the ~ '  names along the Eo columns, it follows that these ~ '  names 

remain at distance at least 3r apart. Now, a set in ~ has diameter-< r for the d 

metric on ~c,~ names. Then for each point y in some D f~ G we can determine, 

for each E0 column which lies fully within Cny, which ¢r-lB that column belongs 

to. Then we know the .~ name on this E0 column, to within 4s. But of course we 

know the position of that Eo column only to within a "shove"  of 81. If we then 

consider a y such that CAy consists at least 1 - 8 1  of such E0 columns, then, 

taking account of the fact that a 8,-shove on a ~ name in an E0 column moves it 

by < s/2, the ~c ,  name of this y is known to within 3s + 81 <4s .  Since the set of 

y omitted can be made arbitrarily small by choosing N big and 82 small, it 

follows that 

[ 9  [ _-> 2-~"a2 Ab, 
o r  

1 --logl  I_- > h,.(g,, Z- > h(4,, 
N 2 

Thus h,(~b, ~ ' ) >  h (~b, ~ ) -  3". It is important to note that N and ~5 are still free 

to be made, respectively, larger and smaller. 

(iii) Finally, to achieve 

den (4,, < 

we simply observe that, by choosing N large, we can make the empirical 

distribution of ~c,,. names on the ~c,~ name of each special point as close in a as 

desired to the true distribution of ~cN.; consequently, on E0, the distribution of 

~ '  is as close in tt as desired to that of ~c,~,. But v(Eo) > 1 - 380, and 80 can be cn. 

chosen after r, so we are done. [] 

A more careful application of the fundamental lemma gives: 
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5.7. COROLLARY. Suppose ~ is a generator under 4~, and (~b, ~ )  is SFD. Then 

given e > 0 there is a y, N,, and ~, such that ijf h (41) = h (41, ~ )  and ~ is a partition 

satisfying 

(i) h,(41, ~ )  > h (th, ~ ) -  y, 

(ii) d~ ((41, ~),(th,  ~ ) ) <  ~,, 

then there is a partition ~ ' with I ~ - Jt '  l < e and (41, ~ ' )  ~ (4~, ~ ) .  

5.8. REMARK. Theorem 4.1 could have been proven assuming h(41)-  > _ h(~b), 

rather than equality. Similarly for the above corollary. One method would be to 

build a factor of 41 with entropy = h(~b), and apply our results to this factor. 

Another would be to increase the entropy of ~b to that of 41 by taking its 

Cartesian product with some SFD action of the proper entropy, and showing 

that the product is again SFD. However, since the present form suffices for the 

isomorphism theorem, we won't  carry out either of these arguments. 

5.9. THEOREM. Suppose ~ is a generator for the SFD action ok, and similarly 

for the SFD action 41, and both have equal entropy. Then ¢k ~ 41. 

First we isolate an improved "copying" lemma. 

5.10. LEMMA. Let (~b, ~ )  ~ (~, .~) be aperiodic and ergodic processes on X and 

f~, and let ~ be a partition on X. Then for any M, finite set U C CM, and e > 0 

there is a partition ~ of ~ so that I ( ~ v ~ ) t s - ( / $ v . ~ ) t s l < e  and 

dcM ((4,, v ), ¢'  v )) < e. 

PROOF. Let E = CLF be a Rokhlin tower for 4~, for very big L, and small 

error 8. Let .~ be a partition of F into a (~, L, 8) family. Let E = C~ 6 be the 

corresponding tower for ~, and let ~ be the corresponding partition. Next 

choose a partition of F into a (~, L, 8) family ~.  Make a partition ~ of F so that 

v ~ and ~ / v  ~ have the same distribution. Choose a point in each A n B, 

and give each point o f / i  n B a ~cL name which agrees with the ~cL name of the 

chosen point in A n B. Assign the partition ~ arbitrarily outside E. Finally, 

define a map: X ~ Y~ by mapping each A n B t o / i  n ~ in a 1-1 m.p. fashion, 

and X - E to X - ~ in a m.p. fashion. If L is big enough and 8 small enough, 

this map will be a dc~ match to within e between (~k, ~ v .~) and (~, ~ v ~).  

Now apply Lemma 4.3 to get the rest. [] 

Next, a lemma like that on p. 17 of [6], but without the assumption that 

generates under 4~ restricted to Z. Theorem 5.9 will then follow from 5.11 

exactly as in the discrete case. 
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5.11. LEMMA. Let ~ be a generator[or c~, with (4', ~ )  SFD. Let (~b,.~) have 
full entropy, and also be SFD. Then [or any e > 0 ~ such that 

(1) (6, ~) = (q,, 0~), 
(2) I ~ - . ~ l <  ~, 
(3) ~ ~ . . .  

PROOF. Choose  a finite set V C R" so that ~ v  D .°2o with l.°2o-.°21< e /8. Le t  

IvI=M. 
Next apply Corollary 5.7 to (4, ~ )  to get 3', N, and 8, for e/4M. Choose r so 

h,(ch ,~)>h(cb,~)- ' r /2 .  Choose g so that if I~*-~/<~ then h,(~b,~*)> 

h,(4,, ~ ) -  3'/2. 
Next apply the previous lemma: choose K so V C CK, and K > N,, and so 

3~1C ~c,, with I ~ t -  ~I  < e- Now build a partition ~ C ~ , -  so that (4~, ~ v ~ )  

and (~b, ~ '  v ~ )  match to within 8, in ac~, while ( ~  v ~)~, and ( ~ '  v ~ ) v  have 

distribution distance so close that if we set ~ equal to the partition in ~ff built 

like the partition ~o in ~v,  then I ~ -  ~ I < I*~0 - .~ I + e/8. Thus ~ C ~¢  and 

Now, h,(4~, ~ ' )  --> h, (4,, ~0-->h,(6,  ~ ) - 3 ' / 2 - > h ( 6 ,  3 - ) - 3 ' = h ( 4  ~, ~ ) - 3 ' -  
Since also the d distance from ~,~ to ~c,, is < &, there is some ~ C ~1~- with 

I °~ -  ~'1 < e /4M and (th, ~ ) ~  (~b, ~) .  Let .~o be constructed from ~ v  in the 

same way in which ~o and ~ are constructed from ~ v  and ~ .  Then also ~0 is 

the image of ~o in the isomorphism from (4,, ~)  to (4,, ~).  Then I ~  - -~ol < e/4. 
Now we reverse roles. Choose a finite set W C  R" so that ~w 9 ~0 with 

I~o-~l<e/8. Let IWI=N. 
Again, apply Corollary 4.7, to (4', ~ )  this time, and for e/4N. Call the resulting 

quantities again 3', N, and ~,, since the old ones won't be used again. Choose a 

new r so h,(cb,°))>h(4~,~)-~,/2,  and a new ~ so that if I~*-~1<~ then 

h,(6, @*) > h,(6, ~ ) -  3,/2. 
Again apply the previous lemma: choose L so W C CL and L > N, and 

-~cL D ~1 with I~,  - ~1 < g. Build .9.' C ~ , -  so that (4~, ~ v ~ )  and (th, ~ v ~ ' )  

have a better than ~5, match. Again, the joining can be arranged so that ~ v ~w 

and ~ v .~ff have joint distributions so close that if ~ C .9.~, corresponds to 

~ C  -~w then t ~ -  ~ol < e/2; and also, the partition -~o v ~ '  in ~ v  v .9.' and the 

corresponding .~o v .~ in 33v v ~ have such close joint distributions that 1.9.0- 

~'1 < I~0-  ~ I + e l 8<  el4. 
As before, we have some ~ C ~ , -  with I~  - .9.' I < e /2N and (4~, ~ )  ~- (th, ~) .  

Thus the partition ~o C ~w corresponding to ~ C .9.~, and ~o C ~w must satisfy 

I~o- ~1< el2. 
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Now ~ , . D ~ w D ~ o ,  and I ~ 0 - ~ ; l < e / 2 ,  and I~-~I<E/2. Thus, 

Similarly, I~-~l<l~-~l+l~-~ol+l~o-~'l+l~'-~l<e/4+~/4 
+ e/4+ e/4N < e. [] 

[] 

5.12. COROLLARY. 
isomorphic. 

Any two Bernoulli flows of R n o[ equal finite entropy are 

What is meant by a Bernoulli flow here is that ~, = {4'o : v E Z"}, the integer 

restriction of ~b, is a Bernoulli action. This means that ~ may be regarded as the 

"coordinate shifts" of a family of i.i.d, random variables indexed by Z". It is 

shown in [4] that such ~k are FD, and now Theorem 4.7 shows that ~b is SFD, and 

so Theorem 5.9 gives the result. 
5.12 is not a new result; it was already proven by D. Lind [5], using an 

n-dimensional generalization of the argument originally made by Ornstein for 

n = 1. The main point of the present treatment was to introduce other 

techniques, as a preliminary to their use in new situatioias. 

REFERENCES 

1. J. P. Conze, Entropie d" un groupe abelien de transformations, Z. Wahrscheinlichkeitstheorie 
und Verw. Gebiete 25 (1972), 11-30. 

2. J. Feldman, Hour Talk at NSF Sponsored Conference on Ergodic Theory, Oregon State 
Univ., March 1977. (Abstract to appear.) 

3. J. Feldman, Ergodic theory o[ continuous group actions, Proceedings of June 1977 Conference 
on Dynamical Systems in Warsaw, Soci6t6 Math6matique de France, Ast6risque 49 (1977), 63-64. 

4. I. Katznelson and B. Weiss, Commuting measure-preserving transformations, Israel Math. J. 
12 (1972), 161-173. 

5. D. Lind, The isomorphism theorem for multidimensional Bernoulli flows, Israel Math. J., to 
appear. 

6. D. S. Ornstein, Ergodic Theory, Randomness, and Dynamical Systems, Yale Math. Mono- 
graphs 5, Yale Univ. Press, 1974. 

7. D. S. Ornstein and B. Weiss, Ergodic theory o.f amenable group actions - -  I: the Rohlin 
Lemma, preprint of announcement of results, Stanford, June 1979. 

8. P. Shields, The Theory o.f Bernoulli Shifts. Univ. of Chicago Press, 1973. 

DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF CALIFORNIA 

BERKELEY, CALIF. 94720 USA 


